Abstract. Motivated by the Petrie conjecture, we consider the following questions: Let a circle act in a Hamiltonian fashion on a compact symplectic manifold (M, ω) which satisfies H 2i (M ; R) = H 2i (CP n , R) for all i. Is H j (M ; Z) = H j (CP n ; Z) for all j? Is the total Chern class of M determined by the cohomology ring H * (M ; Z)? We answer these questions in the sixdimensional case by showing that H j (M ; Z) is equal to H j (CP 3 ; Z) for all j, by proving that only four cohomology rings can arise, and by computing the total Chern class in each case. We also prove that there are no exotic actions. More precisely, if H * (M ; Z) is isomorphic to H * (CP 3 ; Z) or H * ( G 2 (R 5 ); Z), then the representations at the fixed components are compatible with one of the standard actions; in the remaining two cases, the representation is strictly determined by the cohomology ring. Finally, our results suggest a natural question: Do the remaining two cohomology rings actually arise? This question is closely related to some interesting problems in symplectic topology, such as embeddings of ellipsoids.
Introduction
In the early 1970s, Ted Petrie wanted to address two related fundamental questions: Given a compact Lie group G and a manifold M , does M admit a G-action?
1 If so, how many different actions can we find?
One of his important insights was that these questions are much more tractable when M is a homotopy projective space, that is, a simply connected manifold so that H * (M ; Z) = H * (CP n ; Z) as rings, or equivalently a manifold which is homotopy equivalent to CP n . For example, the first key step in answering these questions is understanding the relationship between the tangent bundle near the fixed components and the global invariants of M . Petrie proved that if the circle acts on a homotopy projective space with isolated fixed points, then the Pontrjagin classes are determined by the representations at the fixed points [Pe1] .
Motivated by this and other evidence, he stated what is now known as the Petrie conjecture: If a homotopy projective space M admits a circle action, then the Pontrjagin classes of M are standard, that is, agree with the Pontrjagin classes of CP n itself. Although this conjecture has not been resolved in general, it has motivated a good deal of research. In particular, it has been proven if M is at most Question 1. Consider a Hamiltonian circle action on a symplectic manifold (M, ω) which satisfies H 2i (M ; R) = H 2i (CP n ; R) for all i. Is H j (M ; Z) = H j (CP n ; Z) for all j? Is the total Chern class c(M ) completely determined by the cohomology ring H * (M ; Z)?
Our first main theorem answers this question affirmatively in the 6-dimensional case. In fact, we are able to show that only a few possible rings arise. contrast, in the 6-dimensional symplectic case, there are no exotic actions. More precisely, the representations at the fixed components are either strictly determined by the cohomology ring or are compatible with one of the standard actions described below. Example 1.3. Given n > 1, let CP n denote the projective space of lines in C n+1 . Since this 2n-dimensional manifold naturally arises as a coadjoint orbit of SU(n+1), it inherits a symplectic form ω and a Hamiltonian SU(n + 1) action. Hence, every circle subgroup S 1 ⊂ SU(n + 1) induces a Hamiltonian circle action on CP n .
Example 1.4. Given n > 1, let G 2 (R 2n+1 ) denote the Grassmannian of oriented 2-planes in R 2n+1 . Since this (4n − 2)-dimensional manifold naturally arises as a coadjoint orbit of SO(2n + 1), it inherits a symplectic form ω and a Hamiltonian SO(2n + 1) action. Hence, every circle subgroup S 1 ⊂ SO(2n + 1) induces a Hamiltonian circle action on G 2 (R 2n+1 ).
Given any subgroup H ⊂ S 1 , let M H denote the set of points fixed by H.
Each component N ⊂ M
H is a symplectic manifold which inherits a symplectic circle action with moment map Φ| N . If H = {e}, we call each component N of M H which is not fixed by S 1 an isotropy submanifold. Each two-dimensional isotropy submanifold is a sphere which contains exactly two isolated fixed points; we call these isotropy spheres. We can now state our second main theorem, which is an immediate consequence of Propositions 4.1, 6.1, and 7.1, and the remarks subsequent to each. Open questions. In these theorems, the first two cases correspond to Examples 1.3 and 1.4, but the last two cases do not correspond to any known examples. We do not know the answer to this question. These manifolds cannot be ruled out by any of the techniques used in this paper; see also Remarks 2.10 and 2.11.
Moreover, this question seems to be related to interesting problems in symplectic topology. To see this, we need to introduce some more notation. Given an (n + 1)-tuple of natural numbers k = (k 0 , . . . , k n ), consider the weighted projective space of type k,
let CP n (k) denote the same manifold with the opposite orientation. Let α k ∈ H 2 CP n (k) denote the first Chern class of the tautological circle bundle S 2n+1 −→ CP n (k). Finally, given real numbers a and b, define the ellipsoid
2 ≤ 1 . Now suppose that a manifold (M, ω) satisfying the conditions of Question 2 does exist. By Corollary 3.13 (see Example 3.15) and Lemma 2.7 -after possibly rescaling ω -there exists a moment map Φ: M −→ R so that
where p i is the unique fixed point of index 2i for all i such that 0 ≤ 2i ≤ 6. By [Go] , this implies that for all κ ∈ (−l, l), the reduced space
Moreover, let ω κ ∈ Ω 2 (M κ ) denote the reduced symplectic form; the cohomology class [ω κ ] ∈ H 2 (M κ ) is the unique class so that [ω κ ] CP 1 (2,3) = (6 + κ)α (2, 3) and ,l) . Here, the inclusions of CP 1 (2, 3) and CP 1 (1, l)
into X = M κ are induced by the natural inclusions CP 1 (2, 3) ⊂ CP 2 (1, 2, 3) and
In particular, an affirmative answer to Question 2 implies an affirmative answer to the question below.
Question 3. Given any λ < 2, is there a symplectic (Kähler) form
As in the manifold case, we can construct such a symplectic form if we can find the symplectic embeddings described below.
Question 4. Given any λ < 2, is there a symplectic embedding
Unfortunately, although symplectic embeddings have been extensively studied, this particular question does not seem to follow easily from known results [S] .
5 In particular, it cannot be ruled out by volume constraints;
is equal to 24 25 if l = 4 and to 120 121 if l = 5. We conclude this section with a brief overview of this paper. In §2, we introduce some background material and establish our notation. In §3, we prove a few useful results which hold in arbitrary dimensions. As a consequence, we prove that Theorem 1 and Theorem 3 follow immediately from Theorem 2. In §4, we return to the six-dimensional case, proving Theorem 2 in the case that the fixed set is not discrete. We spend the remainder of the paper proving this theorem in the case that the fixed set is discrete. To do so, we first define a labeled multigraph associated to M in §5 and then prove Theorem 2 in the cases that the associated multigraph is simple and not simple in §6 and §7, respectively.
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Background
In this section, we introduce some background material and establish our notation.
Let M be a compact manifold. A symplectic form on M is a closed, nondegenerate two-form ω ∈ Ω 2 (M ). A circle action on M is symplectic if it preserves ω. A symplectic circle action is Hamiltonian if there exists a moment map, that is, a map Φ : M −→ R such that
where ξ M is the vector field on M induced by the circle action. Since ι ξ M ω is closed, every symplectic action is Hamiltonian if H 1 (M ; R) = 0. Let the circle act on a compact symplectic manifold (M, ω) with moment map Φ: M −→ R. Since the set of compatible almost complex structures J : T (M ) −→ T (M ) is contractible, there is a well-defined multiset of integers, called weights, associated to each fixed point p. Indeed, for any fixed component F , the tangent bundle T (M )| F naturally splits into subbundles -one corresponding to each weight.
The moment map Φ : M −→ R is a Morse-Bott function whose critical set is the fixed point set. Moreover, the negative normal bundle at F is the sum of the subbundles of T (M )| F with negative weights. In particular, the index of a fixed component F is 2λ F , where λ F is the number of negative weights in T p M for any p ∈ F (counted with multiplicity). More interestingly, let Kirwan uses this idea to prove three remarkable theorems: "perfection", "injectivity", and "formality" [Ki] . Let R = Z if the fixed set is torsion free, that is, ToWe1] for comments on the integral case.) Let F be any fixed component, and let
is an injection. Therefore, the long exact sequence in equivariant cohomology for the pair (M + , M − ) breaks into short exact sequences
is a free group, this implies immediately that
is a free group and the moment map is an equivariantly perfect Morse-Bott function; in fact,
where the sum is over all fixed components. Similarly, by induction and (2.1), the restriction map ι
is an injection. Hence, every equivariant cohomology class is determined by its restriction to the fixed point set.
Finally, restriction induces a natural map of exact sequences
Moreover, the restriction map from H * 
By induction, Φ is a perfect Morse-Bott function and the restriction map H * 
Here, the sum is over all j such that
Proof. By the proposition above, we can write β = j x j α j , where here the sum is over all j. If x j = 0 for all j such that Φ(F j ) < c, then the second claim holds. Moreover, if Φ(F ) = c for some fixed component F , then properties (1) and (2) together imply that β| F is a multiple of e S 1 (N − F ). Otherwise, there exists j so that Φ(F j ) < c and x j = 0 but x k = 0 for k such that Φ(F k ) < Φ(F j ). By properties (1) and (2), this implies that β| F j = 0. Since Φ(F j ) < c, this contradicts the assumption. 
where σ i is the ith elementary symmetric polynomial and t is the generator of H
If Σ is a fixed surface of genus g Σ instead, then -since every vector bundle over a surface splits -the normal bundle to Σ is the direct sum of line bundles with equivariant Chern classes ξ 1 t + a 1 u, . . . , ξ n−1 t + a n−1 u, where ξ 1 , . . . , ξ n−1 are the non-zero weights at Σ (repeated with multiplicity), u is the positive generator of H 2 (Σ; Z), and the a i 's are integers. Since
Similarly, since c
Finally, since (c
Finally, we will need the following very simple lemmas.
Lemma 2.6. Let the circle act on a compact symplectic manifold (M, ω). Let p and p be fixed points which lie in the same component
N of M Z k , for some k > 1.
Then the S
1 -weights at p and at p are equal modulo k.
Proof. Since Z k fixes N , the weights of the representation of Z k on the tangent space T q M are the same for all q ∈ N . Moreover, if q ∈ N is fixed by the circle action, then the weights for the Z k -action on T q M are exactly the reduction modulo k of the weights for the circle action.
Lemma 2.7. Let the circle act on a compact symplectic manifold
Proof. Take w = [ω − Φt] in the Borel model for equivariant cohomology.
Example 2.8. Let the torus (S
Let e 1 , e 2 and e 3 denote the standard basis for the weight lattice ( and [0, 0, 0, 1] ; the weights at these points are {e 1 , e 2 , e 3 }, {−e 1 , e 2 − e 1 , e 3 − e 1 }, {−e 2 , e 1 − e 2 , e 3 − e 2 }, and {−e 3 , e 1 − e 3 , e 2 − e 3 }, respectively.
Example 2.9. Let the torus (S
Let e 1 and e 2 denote the standard basis for the weight lattice (Z 2 ) * . The fixed points are the planes {(y 1 , . . . , y 5 ) ∈ R 5 | y 1 = y 4 = y 5 = 0} and {(y 1 , . . . , y 5 ) ∈ R 5 | y 1 = y 2 = y 3 = 0}, with either orientation; the weights at these points are {e 1 , e 1 + e 2 , e 1 − e 2 }, {−e 1 , −e 1 + e 2 , −e 1 − e 2 }, {e 2 , e 2 + e 1 , e 2 − e 1 }, and {−e 2 , −e 2 + e 1 , −e 2 − e 1 }.
Remark 2.10. The cases (C) and (D) described in Theorem 1 are consistent with Wu's theorem, so we cannot use this theorem to rule out such manifolds. Wu's theorem states that the total Steifel-Whitney class w(M ) of a connected manifold M is equal to Sq(v(M )), where Sq :
, as in case (C), then Sq 2 (x 2 ) = 0 and so Wu's theorem implies that
, as in case (D), then either Sq 2 (y) = 0 and w(M ) = 1, or Sq 2 (y) = xy and w(M ) = 1 + x. The latter statement is satisfied in both cases.
Remark 2.11. Similarly, cases (C) and (D) are consistent with the fixed point formula for the Hirzebruch genus. Let M be a compact almost complex manifold; let χ y denote the Hirzebruch genus corresponding to the power series
On the one hand, if M is 6-dimensional, then a direct calculation shows that
On the other hand, if a circle acts on M , then by [HBJ] ,
, where the sum is over all fixed components. In particular, in cases (C) and (D),
Since M c 1 (M )c 2 (M ) = 24 and M c 3 (M ) = 4 in both cases, these formulas agree.
Arbitrary dimensions
We begin by exploring some of the consequences of our central assumptions in arbitrary dimensions. More precisely, let a circle act in a Hamiltonian fashion on a compact symplectic manifold (M, ω); assume that
Our main result is that the fixed point data determines the (equivariant) cohomology ring and Chern classes; see Proposition 3.9. We also show, in Proposition 3.4, that the index of the fixed components determines the order of their moment images.
Roughly speaking, our first result states that critical components near the minimum must have low index.
Lemma 3.1. Let the circle act on a compact symplectic manifold (M, ω) with moment map
where the sum is over all fixed components F such that Φ(F ) < Φ(F ).
where now the product is over all fixed components F such that Φ(F ) < Φ(F ). Given any fixed component F ,
Hence, the restriction β| F vanishes for all fixed components F such that Φ(F ) < Φ(F ). In contrast, as a polynomial in t, 
for all i, there are not many fixed components, and so this determines the order of the fixed components under the moment map.
Lemma 3.3. Let the circle act on a compact symplectic manifold
Proof. Since every fixed component F is symplectic, H 2i (F ; R) = 0 for every integer i such that 0 ≤ 2i ≤ dim(F ). The first claim thus follows immediately from the assumption and the fact that moment maps are perfect Morse-Bott functions.
Proposition 3.4. Let the circle act on a compact symplectic manifold
Proof. Consider any fixed component F . Define
where the sum is over all fixed components F such that Φ(F ) < Φ(F ). Since H 2i (M ; R) = H 2i (CP n ; R) for all i, Lemma 3.3 implies that there exists a unique fixed component F such that 2λ F ≤ 2i ≤ 2λ F + dim(F ) for all i such that 0 ≤ 2i ≤ 2n. Therefore, since the fixed components are all even-dimensional, (3.6)
where here the sum is over all fixed components F such that λ F < N. On the other hand, by Lemma 3.1, for any fixed component F with Φ(F ) ≤ Φ(F ),
with equality impossible unless Φ(F ) = Φ(F ). In particular, λ F < N for all fixed components F such that Φ(F ) < Φ(F ), and so equations (3.5) and (3.6) imply that λ F < N exactly if Φ(F ) < Φ(F ). Since λ F ≤ N , we can conclude that λ F = N ; this proves the claim.
For our main proposition, we will also need the fact that the moment map is also a perfect Morse-Bott function over any field whenever
Lemma 3.7. Let the circle act on a compact symplectic manifold (M, ω) with moment map
where the sum is over all fixed components.
Proof. Consider a fixed component F and integer j so that
Given any fixed component F , let Γ F ∈ Z denote the sum of the weights at F .
Lemma 3.8. Let the circle act on a compact symplectic manifold
Proof. Given a point p in a fixed component F , c
Each weight at the minimal fixed component F is positive, while each weight at the maximal fixed component F is negative. Hence, Γ F = Γ F ; this implies that c
Finally, we state our main proposition.
Proposition 3.9. Let the circle act on a compact symplectic manifold (M, ω) with moment map
Then the cohomology class
is well-defined and lies in H 2i S 1 (M ; Z). (Here, the product is over all fixed components F such that λ F < λ F i .) Moreover, the classes α 0 , . . . , α n form a basis for
Proof. By Lemma 3.3, for each integer i such that 0 ≤ 2i ≤ 2n there exists a unique fixed component
By Proposition 2.2, for each such i there exists a class
Since each fixed component has even dimension, Lemma 3.3 implies that for each fixed component F ,
where here the sum is over all fixed components F such that λ F < λ F . Hence, for each i such that 0 ≤ 2i ≤ dim(M ) we may define
Moreover, for every fixed component F , 
Here, the sum is over j such that λ (M ; Z) , Lemma 3.3 and degree considerations imply that (3.10)
where now the sum is over j such that F j = F i and j ≤ i.
On the other hand, for any j such that
Comparing equations (3.10), (3.11), and (3.12), we see that We can use this proposition (and Remark 2.4) to obtain a particularly nice description of the equivariant cohomology and total Chern class in the following special cases. 
is a diffeomorphism and
Proof. Lemma 3.7 implies that
As in Lemma 3.7, this implies that
The claim now follows immediately from Proposition 3.9.
Corollary 3.14. 
In the above cases, the fixed set is torsion-free and so formality holds. Thus, the ordinary cohomology H * (M ; Z) and total Chern class c(M ) are also very easy to describe. 
Corollary 3.16. Let the circle act on compact symplectic manifolds (M, ω) and ( M, ω) with moment maps Φ: M −→ R and Φ : M −→ R, respectively; assume that
Since moment maps are (equivariantly) perfect Morse-Bott functions, M and M have the same (equivariant) Betti numbers. Moreover, Theorem 2.4 immediately implies that M and M have the same (equivariant) Chern numbers. Alternately, by [GGK] , M and M are cobordant as oriented equivariant stable-complex manifolds, and so have the same (equivariant) Chern numbers. Additionally, if H 2 (M ; R) = H 2 ( M ; R), then since c 1 (M ) = 0 by Lemma 3.8, c 
Hence, after possibly multiplying ω by a constant and adding a constant to Φ,
Therefore, by [GGK] 
Then all the symmetric polynomials in the weights at F and F are the same, and so they have the same weights, and hence the same index. Therefore, the conclusions of Corollaries 3.13 and 3.13 still hold. 
is freely generated by the classes 1, α 1 , . . . , α n , where
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The image of α i under the restriction map from equivariant cohomology to ordinary cohomology is
By formality, H * (M ; Z) is freely generated (as a group) by α 0 , . . . , α n . Applying Proposition 3.9 to the reversed circle action with moment map −Φ, we may define
be the image of β n−i under the restriction map from equivariant cohomology to ordinary cohomology. Note that
Therefore, Theorem 2.4 implies that Since c i (M ) is a multiple of α i , this implies that
the first equality follows immediately from Theorem 2.4.
Hence,
The second equality follows immediately.
Note that the equations for c i (M ) above simplify in some cases. Not only is c 0 (M ) = 1 and c n (M ) = (n + 1) α n , but also 
2 . Therefore, Corollary 3.19 (and the equations above) immediately imply that
where x has degree 2 and y has degree 4.
The final lemma gives the relationship between the moment image and the sum of the weights at fixed components.
Lemma 3.23. Let the circle act on a compact symplectic manifold (M, ω) with moment map
Φ: M −→ R. If H 2 (M ; R) = R, then for all fixed components F and F , Γ F > Γ F exactly if Φ(F ) < Φ(F ).
Proof. By Lemma 2.7, there exists an equivariant extension w ∈ H
1 (M ) = aw + bt for some real numbers a and b. Therefore, given any fixed component
On the other hand, if F is the minimal fixed component and F is the maximal fixed component, then Φ(F ) < Φ(F ) and Γ F > 0 > Γ F . Therefore, a > 0.
The case that the fixed set is not discrete
We now return to the 6-dimensional case. In this section, we prove Theorem 2 in the case that the fixed set is not discrete. In fact, in this case only the first two possibilities can arise.
Proposition 4.1. Let the circle act faithfully on a 6-dimensional compact symplectic manifold (M, ω) with moment map Φ: M −→ R. Assume that H 2 (M, R) = R and the fixed set is not discrete. Then one of the following two statements is true:
(A) There is a subgroup S 1 ⊂ SU(4) and an orientation-preserving diffeomor-
There is a subgroup S 1 ⊂ SO (5) and an orientation-preserving diffeomor-
Remark 4.2. The manifolds described above do not contain an isolated fixed point with three distinct weights. A fortiori, they do not contain a pair of isotropy spheres which intersect in two points.
Remark 4.3. In fact, after possibly multiplying the standard symplectic form ω on CP 3 (or G 2 (R 5 )) by a constant, we may assume that f is a symplectomorphism on each fixed component. To see this, first note that the argument in Remark 3.17 implies that f
If each fixed component is at most 2-dimensional, this immediately implies that there exists a symplectomorphism f :
which is homotopic to f . Otherwise, the claim follows from [Del] ; see Case IV below.
We will need the following lemma to analyze the isotropy submanifolds which might arise. Proof. By dividing out by a finite subgroup, we may assume that the action is faithful. Let
Recall that every isotropy sphere contains exactly two isolated fixed points.
In case (1), since Ψ is a Morse-Bott function the fixed point must have index 4. Since there is only one isolated fixed point, there are no isotropy spheres. Hence, both weights at the isolated fixed point are −1. Since the degree of 1 is 0 < 4, Z 1 = 0. Hence Theorem 2.4 and Remark 2.5 imply that −a + 1 = 0, that is, a = 1.
In case (2), since Ψ is a Morse-Bott function, one fixed point must have index 2 and one must have index 4. There are no isotropy spheres except possibly one joining these two points. Therefore, the weights at these points are {−1, l} and {−1, −l} for some natural number l. Since Z 1 = 0, Theorem 2.4 implies that
We will spend the remainder of this section proving Proposition 4.1. Let the circle act on a symplectic manifold (M, ω) with moment map Φ : M −→ R; assume that the conditions of the proposition are satisfied. By Remark 1.1,
Let N ⊂ M Z k be any 4-dimensional isotropy submanifold. Since Φ| N is a MorseBott function and the critical sets of Φ| N are the fixed sets, N S 1 must contain at least two fixed components, and at least one component must have index 0 or 2.
Finally, notice that the action obtained by reversing the circle action and replacing Φ by −Φ also satisfies the assumptions of Proposition 4.1. Moreover, if this new action satisfies the conclusions of the proposition, then the original action does as well. Therefore, we can replace Φ by −Φ at any time. Given this symmetry, we only need to consider four cases.
Case I. The fixed set is discrete except for one minimal fixed surface.
Since Φ is a perfect Morse-Bott function, Poincaré duality implies that the fixed set consists of a minimal fixed sphere Σ 0 and two fixed points p 2 and p 3 of index 4 and 6, respectively. Since every vector bundle over a surface splits, the normal bundle to Σ 0 is the direct sum of two line bundles with equivariant Euler classes mt + au and nt + bu, where m and n are natural numbers, a and b are integers, and u is the positive generator of H 2 (Σ 0 ; Z). Assume first that there is a 4-dimensional isotropy submanifold N ⊂ M Z m which contains both p 2 and p 3 . Since the intersection of any two distinct 4-dimensional isotropy submanifolds is 2-dimensional, each component of the intersection must be either a fixed surface or an isotropy sphere. Hence, every 4-dimensional isotropy submanifold must contain both fixed points. So there exists a natural number l which is a multiple of both m and n so that the weights at p 2 and p 3 are {−m, −n, l} and {−m, −n, −l}, respectively. Applying Lemma 4.4 to the isotropy submanifold N ⊂ M Z m , we see that a = 0. Moreover, Lemma 2.6 implies that 2n = 0 mod m. Since m = 1 and n and m are relatively prime, this implies that m = 2 and n = 1. Since the degree of 1 is 0 < 6 and the degree of c Assume first that l ≥ m and l ≥ n. If l = 1, then m = n = 1 as well. Otherwise, applying Lemma 2.6 to the isotropy sphere N ⊂ M Z l implies that m = n mod l, and hence again m = n. Equations (4.5) and (4.6) now simplify to a + b = 0 and a + b = 4, respectively. This is impossible.
Assume next that m > l and m ≥ n. As we saw in the third paragraph of this proof, the fact that m = 1 implies that a = 1. Moreover, applying Lemma 2.6 to the isotropy submanifold N ⊂ M Z m implies that n = l mod m, and hence n = l. Equations (4.5) and (4.6) now simplify to bn + m = 0 and b = 3, respectively. Since n and m are both positive, this is impossible.
Finally, assume that n > m and n > l. As we saw in the third paragraph of this proof, the fact that n = 1 implies that b = 1. Moreover, applying Lemma 2.6 to the isotropy submanifold N ⊂ M Z n implies that m + l = 0 mod n, and hence n = m+l. Equation (4.5) now simplifies to a = 1. In sum, a = b = 1 and n = m+l. Comparing with Example 2.8, statement (A) is true for the action
Case J. The fixed set is discrete except for one non-extremal fixed surface.
Since Φ is a perfect Morse-Bott function, the fixed set consists of a point p 0 of index 0, a surface Σ 1 of index 2, and a point p 3 of index 6. Since Σ 1 has index 2, the normal bundle to Σ 1 is the direct sum of two line bundles with equivariant Euler classes mt + au and −nt + bu, where m and n are natural numbers, a and b are integers, and u is the positive generator of H 2 (Σ 1 ; Z). After possibly replacing Φ by −Φ, we may assume that m ≥ n.
Assume first that m = n = 1. Let {l 1 , l 2 , l 3 } be the weights at p 0 , where l 1 ≥ l 2 ≥ l 3 . Since m = n = 1, if there exist any isotropy submanifolds, then each one has minimum p 0 and maximum p 3 . Hence, the weights at p 3 are {−l 1 , −l 2 , −l 3 }.
Let α = c
Since α| p 0 = 0, Proposition 2.2 implies that α| Σ 1 is a multiple of −t+bu, which is the equivariant Euler class of the negative normal bundle at Σ 1 . On the other hand,
Applying the same argument to the moment map −Φ we see that c 1 (
1 (M ) = 0, Theorem 2.4 and Remark 2.5 imply that
Since
. Hence, either a = 1, l 1 = 2, and l 2 = l 3 = 1; or a = 2 and l 1 = l 2 = l 3 = 1. In either case, c 1 (Σ 1 ) = 2 and so Σ 1 is a sphere.
Suppose first that a = b = 1, and l 1 = 2, and l 2 = l 3 = n = m = 1. Comparing with Example 2.8, statement (A) is true for the circle action
Suppose instead that a = b = 2 and l 1 = l 2 = l 3 = n = m = 1. Comparing with Example 2.9, statement (B) is true for the circle action on G 2 (R 5 ) induced by the action on
So instead, assume that m = 1. Then there is a 4-dimensional isotropy submanifold N ⊂ M Z m with minimum Σ 1 and maximum p 3 . Since Φ| N is a perfect MorseBott function, Poincaré duality implies that Σ 1 is sphere. Moreover, Lemma 4.4 implies that a = 1. Similarly, if n = 1, then there is a 4-dimensional isotropy submanifold N ⊂ M Z n with maximum Σ 1 and minimum p 0 . If there exist other isotropy submanifolds, then each one has minimum p 0 and maximum p 3 . Hence, there exists a natural number l so that the weights at p 0 and p 3 are {n, n, l} and {−m, −m, −l}, respectively.
Since 
Case K. The fixed set contains more than one fixed surface.
Since Φ is a perfect Morse-Bott function, the fixed set consists of two surfaces Σ 0 and Σ 2 of the same genus with indices 0 and 4, respectively. Let u and u be the positive generators of H 2 (Σ 0 ; Z) and H 2 (Σ 2 ; Z), respectively. Our first claim is that Σ 0 and Σ 2 are spheres. Suppose on the contrary that Σ 0 and Σ 2 have positive genus. Then there exist classes v 1 and v 2 ∈ H 1 (Σ 0 ; Z) so that v 1 v 2 = u. By Proposition 2.2, there exist classes α 1 and
On the one hand, β| Σ 0 = u, and so Proposition 2.2 implies that c The normal bundle over Σ 0 splits as the sum of two line bundles with equivariant Euler classes mt + au and nt + bu, where m and n are natural numbers, and a and b are integers. Since every isotropy submanifold must have minimum Σ 0 and maximum Σ 2 , the negative weights at Σ 2 are −m and −n. Hence, the normal bundle over Σ 2 splits as the sum of two line bundles with equivariant Euler classes −mt + cu and −nt + du , where c and d are integers.
Since the degree of (c
2 ) = 0. Therefore, Theorem 2.4 and Remark 2.5 imply that 
Case L. The fixed set contains a four-dimensional component.
Let F be a four-dimensional component of the fixed set. Since F is symplectic, H 2 (F ; R) = 0. Since Φ is a perfect Morse-Bott function, this implies that M 
A fortiori, statement (A) is true. This completes the proof of Proposition 4.1.
The case that the fixed set is discrete: Defining the multigraph
In the remainder of the paper, we prove Theorem 2 in the case that the fixed set is discrete. In particular, in this section, we assume that the fixed set is discrete and define an associated multigraph which is labeled: a real number and an even integer are associated to each vertex, and a natural number l e (the length of e) is associated to each edge e.
Let the circle act faithfully on a 6-dimensional compact symplectic manifold (M, ω) with moment map Φ : M −→ R; assume that the fixed set M S 1 is discrete.
We define an associated labeled multigraph as follows: The vertex set is the fixed set M S 1 ; each fixed point p is labeled by its moment image Φ(p) and its index 2λ p .
Given distinct p and q ∈ M (In particular, Φ(p) < Φ(q).) We say the edge e ∈ E pq has minimum p and maximum q.
A multigraph contains multiple edges if there are several edges with the same minimum and maximum. The multigraph is simple if there are no multiple edges.
Example 5.1. Fix natural numbers m, n, and k, and consider the circle action on CP 3 given by
There is a unique fixed point p i of index 2i for all i such that 0 ≤ 2i ≤ 6. If 1 ∈ {m, n, k}, the associated multigraph is the complete graph on {p 0 , p 1 , p 2 , p 3 }; moreover, l 01 = m, l 12 = n, l 23 = k, l 02 = m + n, l 13 = n + k, and l 03 = m + n + k, where l ij is the length of the edge from p i to p j . (In contrast if, for example, m = 1, then there is no edge joining p 0 to p 1 .)
This multigraph has a number of nice properties. First, the labeled multigraph determines the weights at every fixed point. Second, the weights at the minimum and maximum of any edge are equal modulo its length. Third, if two edges have the same minimum and maximum, then their lengths are relatively prime. To prove the first property, we need the following proposition to analyze the isotropy submanifolds which might arise; see [Kar] . We are now ready to prove the properties described above. Proof. Assume not; let k = 1 be the greatest common divisor of l e and l e . We may also assume that Φ(p) ≤ Φ(q) and that l e ≥ l e . Let N ⊂ M Z l e and N ⊂ M Z l e be the components which contain p and q. The component Z ⊂ M Z k which contains p also contains N and N , and hence q. By construction, the weights at p and q are {l e , l e , a} and {−l e , −l e , b}, respectively, for some integers a and b. Since the action is faithful, a is not a multiple of k; therefore, l e = a mod l e . On the other hand, by Lemma 2.6 the weights at p are equal to the weights at q modulo l e . Since l e = −l e mod l e , this implies that 2l e = 0 mod l e . Since l e ≥ l e , this implies that l e is a multiple of l e , that is, l e = k. But then the index of Φ| N at p is 0, while the index of Φ| N at q is 4. This is impossible by assumption (3) in the definition of the multigraph.
Remark 5.6. We will sometimes add edges of length 1 to G in order to reduce the number of cases that we need to consider. (For example, this allows us to drop the condition 1 ∈ {m, n, k} in Example 5.1.) Lemmas 5.4 and 5.5 clearly still hold for this "extended" multigraph. Moreover, as long as we add these edges so that there are still at most λ p edges with maximum p and 3 − λ p edges with minimum p, Lemma 5.3 still holds.
6. The case that the fixed set is discrete and the associated multigraph is simple
In this section, we prove Theorem 2 in the case that the fixed set is discrete and the associated multigraph is simple, that is, contains no multiple edges. In fact, in this case only the first two possibilities can arise. Remark 6.2. Since the associated multigraph is simple, the manifolds described above do not contain a pair of isotropy spheres which intersect in two points.
Our proof relies heavily on the following technical lemma. Proof of Proposition 6.1. By Remark 1.1, H 2i (M ; R) = R for all i such that 0 ≤ 2i ≤ 6. Hence, since Φ is a perfect Morse function, there is exactly one fixed point p i of index 2i for all i such that 0 ≤ 2i ≤ 6. By Proposition 3.4, Φ(p i ) < Φ(p j ) exactly if i < j.
By assumption, the associated labeled multigraph G is simple. Add edges of length 1 so that G is a complete graph. Then for each vertex p i there are exactly i edges with maximum p i and 3 − i edges with minimum p i . (See Remark 5.6.) By Lemma 5.3 the multiset of weights at p i is {sign(k − i) l ik | k = i}, where l ik denotes the length of the edge {i, k}. By Lemma 5.4, the weights at p i and p j are
